We show that an absolute normalized norm on C 2 is complex strictly convex if and only if the associated convex function ψ on [0, 1] satisfies ψ(t) > max{1−t, t} for all 0 < t < 1. Using this result, we characterize when the direct sum X ⊕ ψ Y of the complex Banach spaces X and Y is complex strictly convex and complex uniformly convex. A characterization of complex strict convexity of C n for n > 2, equipped with an absolute normalized norm, is also given.
Introduction
There has been much activity recently in the study absolute normalized norms on C 2 (see [8, 10, 11] ). A norm · on C 2 is said to be absolute if (z, w) = (|z|, |w|) for all (z, w) ∈ C 2 and normalized if (1, 0) = (0, 1) = 1. An absolute normalized norm on C 2 is a norm that is both absolute and normalized. The collection of all absolute normalized norms on C 2 is denoted by AN 2 . Bonsall and Duncan [1] showed that AN 2 is in one-to-one correspondence with the collection Ψ 2 of all continuous convex functions ψ on [0, 1] with ψ(0) = ψ(1) = 1 and max{1 − t, t} ψ(t) 1 for all 0 t 1. It is easily seen that if · ∈ AN 2 , then ψ(t) = (1 − t, t) for all 0 t 1 defines an element of Ψ 2 . On the other hand, for ψ ∈ Ψ 2 , a norm · ψ ∈ AN 2 can be defined by In [11] , the authors characterize the strictly convex norms in AN 2 in terms of the associated element of Ψ 2 . Specifically, they prove that if ψ ∈ Ψ 2 , then · ψ is strictly convex if and only if ψ is a strictly convex function on [0, 1] (that is, for any s, t ∈ [0, 1] with s = t, and for any 0 < c < 1
, ψ((1 − c)s + ct) < (1 − c)ψ(s) + cψ(t)).
Strict convexity is a real property of a Banach space. Since C 2 , equipped with an absolute normalized norm, is a complex Banach space, it is natural to consider characterizations of complex geometric properties of C 2 , such as complex strict convexity, in terms of the associated element of Ψ 2 . At first glance, this does not seem to be possible because elements of Ψ 2 are realvalued functions on a real interval, and thus seemingly would not reflect any complex structure of C 2 with the associated absolute normalized norm. However, we will see that C 2 , equipped with an absolute normalized norm, is the complexification of a real Banach lattice and, using a recent result of Lee [6] , we can determine whether the complexification of a real Banach lattice is complex strict convex in terms of geometric properties of the underlying real Banach lattice. Specifically, we will see that C 2 , equipped with the · ψ norm, is complex strictly convex if and only if ψ(t) > max{1 − t, t} for all 0 < t < 1.
Absolute normalized norms on C n , for n > 2, can also be identified with a class of convex functions (see [9] ) and the strict convexity of C n , equipped with an absolute normalized norm, can also be characterized in terms of properties of the associated convex function (see [5] ). We will also give a characterization of complex strict convexity of C n , for n > 2, in terms of properties of the associated convex function.
In the last section we prove that the ψ -direct sum (
. . , X n is complex strictly convex whenever each of the X i and (C n , · ψ ) is complex strictly convex. A similar characterization of complex uniform convexity of ψ-direct sums is also given.
Preliminaries and definitions
A norm · on C n is said to be absolute if
The collection of all absolute normalized norms on C n is denoted by AN n . We define the closed convex subset Δ n of R n−1 by It is easy to show that ψ is a continuous convex function on Δ n that satisfies the following conditions:
, . . . ,
One should notice that, in the case when n = 2, Δ n is the interval [0, 1]; condition (A 1 ) can be interpreted as ψ(t) t for all 0 t 1, while condition (A 2 ) can be interpreted as ψ(t) 1 − t for all 0 t 1. Therefore, when n = 2, conditions (A 1 ) and (A 2 ) can be combined into the single condition ψ(t) max{1 − t, t} for all 0 t 1.
On the other hand, if we denote by Ψ n the collection of all continuous convex functions on Δ n that satisfies conditions (A 0 ), (A 1 ), . . . , (A n ), then Saito, Kato, and Takahashi [9] proved that each element ψ ∈ Ψ n defines a norm · ψ on C n belonging to AN n by
As noted in [3] , if ψ ∈ Ψ n , then the associated norm · ψ is an absolute normalized norm on C n and the canonical basis (e i ) i on C n is a normalized 1-unconditional basis in the ψ -norm · ψ . This in particular means that (C n , · ψ ) is a complex Banach lattice. The reader is directed to the text of Lindenstrauss and Tzafriri [7] for information on Banach lattices. We now recall some facts about Banach lattices that will be needed later.
Let E be a real Banach lattice. E + will denote the positive cone of E; that is, E + = {x ∈ E: x 0}. Following [4] , we say that E is strictly monotone if, for every x, y ∈ E + with y = 0, we have x < x + y .
The complexification E C of a real Banach lattice E is the collection of all x + iy, where x, y ∈ E, with the norm
Let X be a complex Banach space. A point x in S X , the unit sphere of X, is called a complex extreme point of B X , the closed unit ball of X, if x + zy 1 for all z ∈ C with |z| 1 implies that y = 0. A complex Banach space X is said to be complex strictly convex if every point on S X is a complex extreme point of B X . X is said to be uniformly complex convex if H X ∞ (ε) > 0 for all ε > 0, where
The key ingredient that will allow us to relate the properties of the function ψ with the complex structure of (C n , · ψ ) is the following result of Lee [6, Theorem 3.4] . (x 1 , x 2 , . . . , x n ) and (y 1 , y 2 , . . . , y n ) 1 , x 2 , . . . , x n ) ψ > (y 1 , y 2 , . . . , y n ) ψ ; this will suffice because (R n , · ψ ) is a real Banach space with a 1-unconditional basis.
Theorem 1 (Lee
are elements of R n with x i , y i 0 for all 1 i n, x i 0 > y i 0 for some 1 i 0 n and x i = y i for all i = i 0 , then (x
The results
The first thing to notice is that a characterization of complex strict convexity of (C n , · ψ ) is implicitly known in the case when n = 2. To see this we first recall [11, Corollary 3] . (
Note that condition (1) of Corollary 2 says that (R 2 , · ψ ) is strictly monotone, and so, by Remark 1, (C 2 , · ψ ) is complex strictly convex. For the sake of completeness, we isolate this observation in the form of a proposition.
Proposition 3. Let ψ ∈ Ψ 2 . Then (C 2 , · ψ ) is complex strictly convex if and only if ψ(t) > max{t, 1 − t} for all t ∈ (0, 1).
To characterize complex strict convexity of (C n , · ψ ), we need to define analogues of conditions (A 1 ), (A 2 ), . . . , (A n ) that will characterize strict monotonicity of the norm · ψ on R n . The appropriate analogues necessary will require strict inequalities rather than in equalities in (A 1 ), (A 2 ) , . . . , (A n ). For this reason, we will label these conditions by (sA 1 ), (sA 2 ), . . . , (sA n ), and they are defined as follows: 
> 0 and · ψ is strictly monotone)
This shows that ψ satisfies (sA 2 ). The proof that ψ satisfies (sA 3 ), . . . , (sA n ) follows in a similar manner. Conversely, suppose that ψ ∈ Ψ n satisfies (sA 1 ), (sA 2 ), . . . , (sA n ). As we mentioned in Remark 1, it suffices to show that if (x 1 , x 2 , . . . , x n ) and (y 1 , y 2 , . . . , y n ) are elements of R n with x i , y i 0 for all 1 i n, x i 0 > y i 0 for some 1 i 0 n and
We will first prove that if (x 1 , x 2 , . . . , x n ) and (y 1 , y 2 , . . . , y n ) are elements of R n with x i , y i 0 for all 1 i n, x 1 > y 1 and 
Now define
An application of Eq. (1) yields 
Note that
where the first inequality follows from the computations in [9, p. 895] , and the second inequality follows from condition (sA 2 ). Consequently,
Now define , x 2 , . . . , x n ) ψ > (y 1 , y 2 , . . . , y n ) ψ .
The remaining inequalities follow in the same manner as this last computation and so we omit them. 2 
ψ-Direct sums of Banach spaces
If X 1 , X 2 , . . . , X n are Banach spaces and ψ ∈ Ψ n , then the ψ -direct sum, (X 1 ⊕ X 2 ⊕ · · · ⊕ X n ) ψ , is the direct sum of X 1 , X 2 , . . . , X n equipped with the norm (x 1 , x 2 , . . . , x n ) ψ = x 1 , x 2 , . . . , x n ψ with x i ∈ X i for 1 i n.
Kato, Saito and Tamura [5] prove that (X 1 ⊕ X 2 ⊕ · · · ⊕ X n ) ψ is strictly convex (respectively, uniformly convex) if and only if each X i is strictly convex (respectively, uniformly convex) and ψ is strictly convex. We will now apply the results of the last section to get the corresponding analogues of complex convexity. Theorem 6. Let X 1 , X 2 , . . . , X n be complex Banach spaces and let ψ ∈ Ψ n . Then [6] can now be applied to complete the proof of (2). A slightly different proof of (2) can also be obtained using Theorem 3.2 of [2] . 2
